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SUMMARY

A brief method is presented for estimating the speed response of
turbo jet and turbine-propeller engines to a step change in fuel flow.
The method spproximates the dynamic equilibrium in the gas-turbline engine
with a first-order linear differentiasl equation, the time constant of
which varies inversely with the equilibrium speed.

For the spplication of the method to the turbojet engine, the dsta
required asre (1) the variation with engine speed of the steady-state
engine air flow and the steady-state compressor temperature rise; and
(2) the polar moment of inertis of the engine. TFor the turbine-propeller
engine, the veriation with engine speed of the steady-state propeller
torque is required in addition to the dasba required for the turbojet

- englne. _ o

Engline time constants computed by means of:this method are compared
with time-constant date obtained by direct measurement of transients on
three turbojet engines and two turbine-propeller engines. The deviation
of the calculeted values from the mean experimental values is only
slightly greater than the spread of experimental deata.

INTRODUCTION

Closed-loop automatlc conbtrol ls now being extensively applied to
the aircraft gas-turbine engline. As the development of this type of
control system for a new engine is often carried on similtaneocusly with
the development of the engine, experimental desta on engine dynemic
characteristics are not avalleble during the early design stages of the
control. Anelyticel determination of engine dynamic characteristics
therefore has become increasingly important.

- Experimental studies on turbojet engines have shown that the dynsmic
equilibrium in e bturbojet engine may be closely’ spproximated by a first-
order linear dlfferentlal equation and that during the engine speed
transient, the several varlsbles such as tempersasture, pressure, and air

omam——. UNCLASSIFIED:
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flow, have an essentially linear relation to englne speed. The dynamic
characteristics of the turbojet engine may therefore be determined ana-
lytically be means of the steady-state thermodynamic relations of the
engine and the time constent of the differentlal equation that expresses
the dynamic equilibrium of the engine. A method for obtaining dynamic

characteristice from steady-state thermodynamic relations, when the engine

time constant is known, is reported in Yeference 1. The method reported
herein snd developed at the NACA Iewls lasboratory glves a means of
estimating the engine time constant from steady-state characteristics
thet are readily obtainable by thermodynemic anslysis. -

The method presented hereln for estimating the speed response of-
gas-turbine englnes is based on an spproximstion of compressor and tur-
bine torque transients. Expressions for the engine time constant are
derived from this gpproximation.

A comparison of time-constant vaelues computed by this method with
time-constant data obtained by direct measurement of translents on
three turbojet and two turblne-propeller engines ig presented. The .
method requlres only a brief calculatlion and appears to be sufficiently
accurate for automatlic combtrol design.

BASIC CONSIDERATIONS REGARDING ENGINE TRANSIENT RESPONSE

Linearity of engine translent response. - Analysis (reference 2)
has shown that the torque equilibrium in a Jet engine during an accel-

erstion may be expressed by a first-order linesr differential equation. -

This analytical result has been verified by direct measurement of itrans-
ients on several engines. A typicel transient response of a turbojet -
engine to a step Increase in fuel flow rate is shown in figure 1. This
response 1s plotted as the logarithm of +the ratlo of the difference
between initlal and finel speed to the difference between instentaneous
and final speed ageinst time. The data fall quite precisely slong a
stralght l1ine having the equatlon:

Ne - Ny
t='rl.n-ﬁ§—_.—ﬁ—. - (1)

All symbols are defined in’amppendix A.
Rearranged in the more ususl form, equation (1) is

= Nf(l - e_t/?) + Ny e-t/T (1a)

The response 6f & linesr first-order'system ié glven by equation
(La). This response 1s described by the engine time constant ~.

2331 -
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Transient torque relations. - In the turbojet engine, compressor
torque 1s equal to turbine torque et equilibrium running speed. This
equillbrium torque is essentially proportiocnal to the square of the
equilibrium speed. The linear response of the engine to a step lncrease
in fuel flow rate lndicgtes that in the transient, the compressor and
the turbine torques depart from the equllibrium curve in some manner,
such that the unbalanced torque diminighes as a stralght line with engine
speed. The compatibility of this linear transient with the nonlinear
equilibrium torque relstion 1s shown in figure 2. In figure 2 the
initial rise shown 1in turbine torque results from the increase in turbine-
inlet tempersture that accompanies a sudden increase in fuel flow rate.
The initisl rise shown in compressor torgue results from the incresse in
burner-inlet pressure. The two torque lines are drawn to converge as
straight lines to the new equllibrium value. The linearity of these
trensient torque-speed relstlons has its basis in: (1) the transient
response as characterized by figure 1 and equation (la); (2) the 1lin-
earity (during the transient) with speed of the several varisbles, such
as temperasture and pressures, as determlned by direct measurement dur-
ing the transient.

In accordance with the torque transient shown in figure 2, the dif-
ferential equation (derived in appendlx B) that expresses the dynamic
equilibrium in the engline 1s

IN + (Kz - Kp)N = (K - Kp)Ngp (2),
where
Kb slope of compressor trapsient torque line

Kp slope of turbine transient torque line

The solution to equation (2) is given by equation (la) in which the time

constant is

oo T - o s

K - K

Variation of engine time constant with equilibrium speed. - Varia-
tions in engine time constant in a given engine are due to variations
in the slopes Ky &and Kp as shown by equation (3). These slopes
vary over wide ranges with changes in operating level of the engine.
Dats, on several engines show that the value of engine time constant <
diminishes as the equilibrium speed lncreases. The relation between
the value of time constant and equilibrium speed appears to be hyper-
bolic. The difference ‘Ko - Kp 1s then substantially proportional to

the ‘equilibrium speed:

Cup———
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Ko - Kp = KNp | (4) .
and therefore - _ B
I
T = —— - 5
R (5)

Equilibrium shaft torque-speed relation. - The determinatlon of ~l
the slopes Ky end Ky by any method will require the determination : i
of the egquilibrium value at which the compressor and turbine transient . -
lines converge. For this reason an expression for the equilibrium .
torque speed relation 1s derived. T "

The torgue absorbed by any compressor (when specific hest Cp - is

assumed constant and friction is neglected) 1s proportionsl to the product
of the air flow and the. temperature rise divided by the rotatlonal speed.
This reletion in terms of consistent units is

Jo W AT Co
= 2 C
©T T (e)

Equation (6) can be rewritten as _
Q = o (T) <__N2) N (6a) |

The terms W/N and ATC/NZ remsin substentislly constent in a
given engine over g wide speed range. The equilibrium shaft torque- : Il
speed relation. is. therefore essentially s squared curve and may be o
written : T ’

Q = K, ¥° (7)

J AT
Ky = 'E:_E %) (Ez_c) (8)

where

Derivation of Method

Basic approximetions. - It has been deduced from experimental o
observation that the compressor and turbine transient torque-speed -
lines are essentlally stralght and that the time constant of the speed

a5
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response is essentlially inversely proportlonal to the equilibrium speed.
The slopes of the two transient torque lines may therefore be related
(equation (4)) and a relation may be written for the intersection of the
two lines (equilibrium torque, equation (7)). These relations are insuf-
ficlent to evaluate the term Ky -Kp. If, however, the relation of
equation (4) can be considered to be valid at all equilibrlum speeds,

1% 1s necessary to f£ind only one specific configuration of the transient
torque lines that can be related to the equilibrium torque relation, in
order to obtain a solution for the term Kz - Kp that will epply at all

equilibrium speeds.

As previously discussed, the initial rise in turbine torgue results
from the increase In turbine-inlet temperature that accompanies a sudden
increase in fuel flow rate. The rgtio of initial torque rise to the
final torque rise (fig. 2) increases as the equilibrlum speed is
increased. This increase in the torgue ratio results from the shearp
rise in the magnitude of the fuel flow change for & glven increment of
speed change at high equilibrium speeds. In general, this ratio will
be less than unity for low values of equilibrium speed and grester than
unity nesr maximum engine speed. At some intermediate value of equi-
librium speed, the ratio will be unity. In an accelerstion to this
speed, the slope of the turbine torque line Ky wlill be zero.

Empirical relatlons. - In an accelerstion in vhich the slope of the
turbine torque line Kp 1s zero, it follows from equetion (4) that the

slope of the compressor torque line Ko - is proportlonal to the equilib-
rium speed. These.conditions sre expressed as follows:

where K is the constant of eguations (4) and (5).

As developed in appendix C, the spread of the intercepts (fig. 2)
is : ' ' )

. 2
B-A=KNf
From equation (7)
_ 2
Qr = Kq Np

The constent X may then be releted to the constant of the equi-
librium torque curve Kﬁ by & dimensionless factor.

= alg
corrRR
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The value of the dimensionless constant n has been determined - e
from the measured responses of several engines. The value of n used -
in this report is wmity, which is consistent with all ava.ilable data. ;

The value of n=1 fixes the intercept A at the origin of the ..
equilibrium torque line (fig. 2). The final expression for the engine e
time constant-is then L i : S iD

™
a0
I ' ' S
S (12) e
Altitude end ram corrections. - From equation (8)
K. = I E)(ATC>
q 2n N NZ
The eltitude to ses-level correction on the constant Kq is =
AT ———rl
derived from correctlon on the term (%) 2C from which i _
N

i -
Koscorr = Kga 5 _ T

This correction and the correction on. Np applied to equation (12)
yield the. carrected.value of time constent

corxr Kq_ Nf ‘\[5

This correction is in agreement with that found by the analysis of ref-
erence 2. The correctlion is also verified by experiments in reference 3.

As expressed in equetion (8) ; the effect of ram on the engine time

constant is determired by the effect of ram on the term (1) A_'_é‘ .

N
This effect may be determined 'by a.nalysis such as that given in
reference. 5. - o e - R S e

Calculation of turbine-propeller engine time constant. - In the .. T e
turbine-propeller engine, the equilibrium torque (measured at the tur-.. e
bine) is the sum of the propeller and the compressor torques. The -
speed response of this type of engine has been found to be essentially
linear (references 3 and 5). It cen therefore be assumed that the torque
trensients of the compressor and the turbine are similar. to the torque




TeE2

NACA RM E51K21 ST 7

transients in the turbojet engine. The steady-state and transient
torque-speed relstions of the propeller are the same. The transient
propeller torgque 1s therefore essentislly proportional to the square

of engine speed. This transient nonlinearity is not sufficiently large,
however, to cause the speed response of the engine to depart from s lin-
ear response.

In the application of thls method of estimating the speed response
to the turbine-propeller type engine, it 1ls consldered asdequate to
approximete the transient torque-speed relation of the propeller by a
linear relstion; the slope of which is equasl to the slope of the equi-
1ibrium torque-speed reletion at the finel speed. The equlilibrium
torque at fixed blade angle 1s considered to be proportionel to the
square of engine speed

Qp = K, N° (14)
The slope of the torque-speed relation at the final speed <§9>
is then' 2K, Np. .\l
On the basis of these gpproximations, the differential equation

(derived in appendix B) that expresses the dynamic equilibrium in the
englne 1s

IN + (Kg + 2K, Ny - Kp)N = (Kg + 2K Np - Kp)Ng (15)

The solutlon to equation (15) is glven by equation (la} in which the
time constant is

I
= (18)
(Kg + 2K, Np - Kq)
In accordance with the approximation of this method, when
Kp = ©
Ko = X e

When these relations are substituted in equation (18) the relation reduces

to

(17)

_ I
- (K + 2Kp)Ne
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RESULTS AND DISCUSSION ;

Comparison of measured and calculated time constants. - Results of
computatlions of engine time constent made by the method described hereln
and the mean experimental values for three turbojet engines are presented ==
in figure 3. (A sample calculation is presented in sppendix C.) The C
equilibrium shaft torque and engine speed curve of the engine is shown N
in the upper pasrt of figure 3. The circled points shown on the—equilib- . g
rium torque plot are the values computed from steady-stiate messurement : M
of compressor alr flow, temperature rise, and speed. The curve shown on S
the equilibrium torque plot is the mean squared torque-speed relation T TT
based on the values of—the clrcled points. The torque points are in . . o
good agreement with the squared curve. The solid curve shown on the . . . . .. ._.x
time constant plot is the hyperbola computed by means of equsation (12)
from the mean squared torque curve. The cilrcled points are the time
constant values computed from the clrcled equilibrium torque polnis.
In the case of the circled time constant points, the squared equilibrlum
torque curve 1ls therefore congidered to pass through the particular equi-
librium torgque point. This procedure may be of value in regions where S
the equilibrium torque curve deviates gpprecisbly from a consistent -
squared relstion. The dashed line shown ox the time constant plot is
the average experimental value. The date from which the mean experi- _
mental curves were drawn showed a spread of approximately 20 percent. . e
The maximum deviation of the calculated values is between 25 and 30 per- '
cent. In the three comparisons of experimental and calculated values,
the calculated values fall both above and below the experimental velues. e
It is on this basls thebt the value of unity for the dimensionless con- } RS
stant n was derived. : B e

Results obtalned for two turbine-propeller engines are presented
in figure 4. A comparison of measured and computed time constants for o
three blade-gngle settings is shown in figure 4(a) for turbine- . LT
propeller engine A. The effect of blade angle on the computed values T
of time constant is grester than the effect ilndicated by the experi- LD
mental values. The . deviation of the calculated values from the mesn oo
experimental values 1ls, nevertheless, approximately the same as was
indicated for the turbojet engines.

The sgreement between computed values of time constant and a meas-
ured value on .a second turbine-propeller engine is shown 1lun filgure 4(b)
‘for turbine-propeller engine B. In this instance, the experimental
value was obtained by the frequency-response technique. The data on
all the other engines were obtained by the step technique.

Similarity of engine tlme constants. - Thg.values of engine time o
constant for the three turbojet. engines shown in figure 3. ere nearly R
equal at meximum engine speed. It is noteworthy thet this equality ot
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existe in the face of substantial differences in the Iinertia, the torque,

and the speed range of these engines.

are listed in the following table.

The values of these paremeters

Turbo jet [Polar moment {Meximum |{Torque IN/Q at |Measured| Computed
engine of inexrtie speed at meximum{ +time time
I N maximum| speed |constant|counstant
(1b-£t sec?) | (rpm) | speed at at
Q maximum |maximum
(1b-£t) speed speed
(sec) (sec)
A 16.30 7,794 8955 | 14.16 1.9 1.4
B 2.40 12,500 2192 | 13.68 1.5 1.6
C 5.42 11,500 4410 14.315 | 1.2 1.5

Transients of large magnitude. — The values of engline time constant
computed . by the method of this report are independent of the magnitude
of the transient and are a function only of the equilibrium speed. The
experimental data from which the time constant curves of figures 3 and
4 were drawn were obtained with small changes in fuel flow rate. Data
evalileble at present are insufficlent to determlne either the limit of
linearity of engine response or the dependence of the time constant on
equilibrium speed slone during transients of large magnitudes.

CONCLUDING REMARKS

Experimental data indicate that the speed response of turbojet
and turbine-propeller engines is essgsentlally linear and f£irst order
end therefore the concept of time constant may be used to describe the
speed response of such engines. Also the value of the time constant
is iIndicated to be .inversely proportional to the equilibrium speed.

An anglysis, based on the concept of an equllibrium shaft torque
that is proportional to the square of engline speed, shows that the con-
stant of the equilibrium btorque-speed relation may be related to the
congtant of the time constant-speed relation. Experiment shows that
these two constants may be equated. The engine time constent may there-
fore be computed from the steady-sta$e shaft torque speed reletion of

‘the engine.
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A comparison of engine time constants computed by this method with
time constant data obtained by direct. measurement of transients on three
turbojet and two turbine-propeller.engines 'shows that the deviatlon of

the calculated values from the mean experimental values is only slightly -

gregter than the spread of experimental data.

Lewis Flight Propulsion Laboratory

Naetional Advisory Commltiee for Aeronautics
Cleveland, Chio ' :
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APPENDIX A

SYMBOLS
The following symbols have been used in this report:

A,B,C,K,N constants .

cﬁ avérage_specific"heét'df_gas passing through compressor
(assumed to be 0.243 Btu/(1b)(°F))
I polar moment of ineﬁtia of entire engine (relasted to engine
speed), lb-ft sec _
J mechanicel equivalent of heat, 778 ft-1b/Btu
N engine speed, rpm
N time derivative of engine speed
Q torque, 1b-ft
T temperature, Op
t time, sec
AT temperature rise, p
W englne alr flow, 1b/sec
8 smbient statlc pressure
NACA standard sea-level pressure
0 ambient static temperature
NACA standard sea-level temperature
T engine time constant, sec
Subscripts: ’
a altitude
Cc compressor
corr corrected

£ . Tinal
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initisl
propeller oL : S . L oo
COmpressor (when aepplied to equillibrium torque consta.nt)

¥
turbine .. : : L o . - i _ e _r-._.(.l_)Il

denoting instantaneous value during transient ' . L

blade angle
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APPENDIX B

DERIVATTON OF DIFFERENTIAL EQUATIONS EXPRESSING
DYNAMIC EQUILTBRIUM
Turbojet engine (equation (2)). - In accordance with figure 2, the

instanteneous values of compressor and turbine torques during the speed
transient may be written: '

Qe) =K N+ 4 _ (B1)
Qeg) = Kp ¥ +B (B2)
when ' '
N = Np

() = (L) =«

‘substitution of these values in equations (BL) and (B2) ylelds

A=Qp - Kg Ng (B1(a))
B =Qr - Kp Ny (B2(b))
substi£ution again in equations (Bl) and (B2) gives
Vo) =T N+ - Ry Wy (33)
NORES EL N L (B4)
The dynamic equilibrium during the trensient is
Iﬁ'=‘QT(t)'" QG (+) (5)

Substitution of eguations (B3) and (B4) in (B5) and rearranging terms
gives ' : : . : .

IN + (Kg - Kp)N = (¥g - Xp)Ne (6)
Turbine-propeller engine (equation (15)}). - The compressor and the

turbine torque trensients are assumed to be the same in this type of
engine as in the turbojet engine. The lnstantaneous values of compressor

-
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and turbine torque are therefore expressed by equations (Bl) and (B2),
respectively. The transient torque-speed relation of the propeller is
approximated by & llnear relaetlion, the slope of which is equal to qlope

. NACA RM ES51K21

of the equilibrium tarque-speed reletion at the final speed. The equi- o ﬁifz_

librium torque-speed relation at fixed blade angle is approximated by
.. Therefore . - e R

a squared relstion.

The slope of the linear relsgbtion that approximetes the transient is

&)

Q, = KPNZ

The linear torque-speed relsastion is then

When N = Np

% (t)
()

% (t)

= KE N + ch

Q (t) = (‘2K1') Ne)N + C.

p(t) = Qr .
Qp(t) = Qrr
Qe(t) = r

Substituting these values in equations (BL), (B2), and (B7)

= Qor - Ko Ny

= Qe -~ Fp Ny
= Qpg - (:aKp Nf)_N_f

Substituting agein in equations (Bl), (B2), and (B7) yields

Kp N+ Qpp - Kp Ny
(2Kp Np)N + Qe - (2Ky Ne)Np

]

- KE N

glves

(28) . T

(B9)

-

”
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The dynemic equilibrium during the transient is
I = Qg(s) ~ %(v) T () (BL1)

Substituting equations (B8}, (BQ), end (BlO) in equation (Bll) and
employing the relstion .

NACA RM ES1KZ1

e = Qp * Pr

yield .
Il:T+(KC+2KPNf—IGI1)N=(KC+2K9Nf—KT)Nf (B12)



16 o T NACA RM E51K21

APPENDIX C

RELATTON BETWEEN INTERCEPTS OF TRANSLENT
TORQUE LINES

From equations (Bl(a)) and (B2(a)) of appendix B

Qr A
K="% "% | (c1)
£ £
% B , 2
k=t "% (c2)
ki £
From these expressions - —
B-A
- = Cc3
KC KII Ne . ( )

Combining this relation with equation (4) gives

2



Lekd

NACA RM ES1K21 . -

APPENDIX D

SAMPLE TTME-CONSTANT CALCULATTIONS

Turbojet engine. - The steady-state engine data for

engine are:

Engine air flow, W, 1b/sec . . . . . . ...

Compressor temperature rise, ATC, OF . . . ...

Engine speed, N, rpm . . . . . I,

17

the turbojet

The polar moment of inertia I of the engine is 5.43

per second per second.

. . 80
. . 350
« o 11,500
pound-feet

According to equation (6) the equilibrium shaft torque is

W AT
Qp = 1811 —— 1b-ft

_ 1811 x 80 X 350
© = 11,500

From equation (7)

= 4410 1b-£t

2
Q@ [s0
Kq =_§§ o 1b-ft sec
4410 60\?
Ky = — ><(§E) 3.05 X 10~9 1b-ft sec?
(11,500)

st N, = 11,500 rpm "

_ 17,000
11,500

W

= 1.48 sec
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Turbine-propeller engine. - The steady;state engine date for the
turbine-propeller engine are: _ . . Tl

Engine air flow, W, 1b/sec . . « + ¢ « ¢ v ¢« « « o & & + . . . 51.38
Compressor temperature rise, ATC, OF . . e e e e e e e e e e e 398
Engine gpeed, N, TP . « + « + « & « s « s « o « s o o « s « » « B0O4O
Propeller torque, Qp, 1b-ft . . . . «e. ¢ v v v o 0 o v oo . 1920

The combined poler moment of Inertia I of engine and propeller
1s 10.68 pound-feet. per second per second.

From equation (6)

1811 X 51.39 X 328

Q@ = 5040 = 4600 1b-ft

From equation (7)

2
- _é£5517§ (gg) = 6.48 X 10~ 1b-ft sec?
(8040) 7

From equation (14)

K, = % <§9)2 1b-£t sec?

N2 \am
K, = ~a3§§9§-(?9)2 = 2.7 X 1070 1b-£t sec?
(8040)% \EX
(Ky + 2Kp) = (6.48 + 5.4)X10™° = 11.88 X 107 1b-£t sec’

From equation (17)

T = I iL-<?9) sec
(Kqt2Kp) Np \2x _

10.68 1 (é?)
T = "“"""""‘“‘_‘g N sec
11.88 x 10 f
_ 8600
T = Nf sec
at Nf = 804:0 '-."TL..' LT T o _ LT . '-L"'_'.'.'. Sl TEon
8600 '
T =z = 1,
8040 1.07 sec
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2.5

2.0

S ) /

0] 1 2 3 : 4 5 6
Time, t, sec . -

Figure 1. - Semilogarithmic plot of typical turbojet engine transient.
Response of engine speed to step increase in fuel flow.
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Turbine transient
torque line

Compressor transient
torque line

L}
G
P
—~ L—FEqullibrium
S torque line
g _Tnitial rise in
& compressor
8 torque
KL
Lo
i -
// —TInitial rise in
// turbine torque
(] //
Al Equilibrium épeed. change
torque line
o 4
hig

Engine speed, N, rpm

Figure 2. - Representative torque variations during
turbo jet englne speed transient.
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Corrected equilibrium shaft torque, Q, 1b-ft

Corrected time constant, T, sec

- NACA RM ES1KZ1
(o] Calculated fraom steady-
state compressor deta — :
Mean squared torgue-speed relation
(Q = 156 N2 x 10-6) .
10,000 :

4 °
[
8,000 74

/é

6,000

N

4,000 }/

2,000

(o} Caelculated f:'rom corresponding
steady-state point
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Figure 3. - Variation of equilibrium shaft torque and engine time constant
with engine speed in turbojet engine at sea-level static conditions.
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